We only obtain strict monotonicity for a special class of metrics, but in general there is an error term which is small enough to give the same effect.
. It is the gradient flow of the energy E = l f \DF\\ Theorem 
A. // F solves the Harmonic Map heat flow on 0 < t < T and if k is any positive backward solution to the scalar heat equation on M, with f M k = 1, then the quantity Z(t) = (T-t) [ \DF\ 2 k

JM is monotone decreasing in t when M is Ricci parallel with weakly positive sectional curvatures; while on a general M we have Z(t) < GZ(T) + C(t -r)£7o
whenever [R] has proved that if M has dimension 2 or 3, the solution exists for all time and converges (without modification by the gauge group) to a Yang-Mills connection, one with div F A = 0. The most interesting case is where M has dimension 4. Here one expects that there will be a weak solution with only slowly-forming isolated singularities in space-time. These must occur, but the author does not know if they can occur in finite time.
For higher dimensions, one expects rapidly forming singularities modeled on homothetically shrinking solitons. 
Z(t) = (T -t) [ \F\>k is monotone decreasing in t when M is Ricci parallel with weakly positive sectional curvatures; while on a general M we have Z(t) < CZ{T) + C(t -T)E 0 whenever T -1 < r < t <Tj where EQ is the initial energy at time 0 and C is a constant depending only on the geometry of M as before. Moreover if
2 k Dk W{t) = Cl , -t) I Idiv F A + JM I then W(t) = (T-t) div F A + -^-F A JM I k f W{t)dt<CZ(r) + CEo
THE MONOTONICITY FORMULA FOR THE HARMONIC MAP HEAT FLOW
Let M m and N n be compact Riemannian manifolds with matrices g^ on M and h a 0 on N. We define the energy of a map F: M -> iV by
The associated gradient flow is the harmonic map heat equation
where the intrinsic Laplacian is given in local coordinates by
in terms of the Christoffel symbols F^ on M and A^7 on N.
It is useful to consider how the energy density accumulates at a point or along some singular set. We let k = k(x, t) be a positive scalar solution of the backwards heat equation 
0^0^ = 0.
Proof. This is a straightforward integration by parts, when we are careful never to interchange Di and Dj so we can avoid curvature terms. □ This formula is very useful because all the terms are positive, or nearly so. In Euclidean space M = R m the term n n , DjkDjk ^ 1 ,.
vanishes identically when k is a fundamental solution converging to a 6-function at some point X as t -» T. In [H] we show that if M is compact with non-negative sectional curvature and is Ricci parallel, then for any positive solution of the scalar heat equation this expression is non-negative. In this case we see that
Z(t) = (T-t) [ \DF\ 2 k
is monotone decreasing; hence it is called a monotonicity formula. Also we have
which is also useful. In general, without any curvature assumptions, we show in [H] that there exist constants B and C depending only on M such that if / k = 1 then for T -1 < t < T we have
and this is almost as good. 
Applying this estimate to our bound on the last term in the monotonicity formula gives
<2C(T-t) f \DF\ 2 + 2C(T-t)\og(BI{T-t) m '
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Now the energy is decreasing since
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so if EQ is the initial energy then I f \DF\><E 0 .
= 0
Let us put
Then we compute
^ = -lo g (B/(T-tr/i)
and hence for T -1< t < T d -e 2C *Z + 2e 2C^ W < ACE 0 . e 2Cip . at Now we can find a constant so that 0<<p<C for T -1 < t < T and integrating gives us the result in Theorem A.
THE MONOTONICITY FORMULA FOR THE MEAN CURVATURE FLOW
We let the submanifold S s of the Riemannian manifold M m evolve by its mean curvature vector H. We use subscripts z, j,fc,... for a basis tangent to S and a, /?, 7,... for a basis normal to S. Then H = {H a } is the trace of the second fundamental form H^. We let ^ denote the induced metric on S and g a 0 the induced metric on the normal bundle. Then f dk
It is now a straightforward calculation that
Now if M is Ricci parallel with weakly positive sectional curvatures, the Harnack estimate implies that the matrix in the last integral is weakly positive, and we are done. Otherwise it is entirely analogous to the previous case to estimate the error, and we leave it to the reader.
THE MONOTONICITY PRINCIPLE FOR THE YANG-MILLS HEAT FLOW
. Let M be a compact manifold with a Riemannian metric g^-, and consider a vector bundle over M with a metric h^ on the fibres (where we let i, j, fc,... denote manifold indices and a,/?,7,... denote bundle indices). A connection A on the vector bundle is given locally by A"^ where the covariant derivative of a section V a is given by
The curvature FA of the connection is given locally by Ffip where
The connection A is compatible with the metric ft if -D^fc = 0, where
is the covariant derivative of k with respect to A. In this case the curvature is symmetric in the bundle indices, so 
2(T-t)
Prom this we immediately see that if M is Ricci parallel with weakly positive sectional curvatures the quantity
Z(t) = (T-t)J\F\ 2 k
is monotone decreasing. For a general M we make the same estimates as before.
